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1. INTK~DUCTI~N 
In this paper we continue the analysis of a class of similarity solutions of the 
equation 
246 =z (zP& , (1) 
which was started in [9]. Here, x denotes the space variable, t time, and m a 
constant greater than 1. 
Equation (1) arises in a number of different fields, such as heat conduction 
and boundary layer theory. However, it is most commonly associated with the 
study of gas flow through a porous medium, and for this reason it is usually 
referred to as th porous media equation [I]. 
At points (x, t), where U(X, t) > 0, Eq. (1) is p arabolic, but at points where 
U(X, t) = 0, it is not. Such an equation is said to be of degenerate parabolic 
type. Because of this degeneracy, Eq. (1) need not always have a classical solu- 
tion. However classes of weak solutions of the Cauch and the Cauchy-Dirichlet 
problem for Eq. (1) were introduced by Oleinik, Kalashnikov, and Yui-Lin [ 141. 
They also established existence and uniqueness within these classes of weak 
solutions. 
Denote the strip (0, 03) x (0, 1’1, 1’ > 0, by &. and let OT and 7 be real 
numbers. As in ]9], we shall be interested in the following three types of simi- 
larity solutions of Eq. (1): 
1. Ul(X, 4 ; (f i T)“fl(T), ? - &“(t (_ ~)-w2)(1-(rn .I)%}, 
for T > 0; 
II. U&.X, t) --- (7 - f)“fa(q), 7) 7 -- .x(7. ~)-u/2l(liw~ 11%) 
for 7 > T; 
III. 2+(X, ‘) exp(oc(t -+- T)}f3(T), 7, = x exp{-&+z -- 1) (t -.- T)], 
for any T. 
It can be seen by substitution that the functions ui , ug and ua will be solutions 
of Eq. (1) if the functions fi , fa , and f3 satisfy the equations 
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I.. (fi”)” + 44 + (m - 1) 4 7fi’ = 4-l 0<7<00, (24 
II. (fsm)’ - &{l + (m - 1) a} 7ji = --a$.. 0<7<03, (2b) 
III. (f;“)” + Mm - 1) 7h’ = 4 0<7<co, (24 
respectively. 
For a number of values of (Y these transformations yield explicit solutions of 
(1) [5, 7, 11, 171, and we refer the reader to [9] for a summary of them. For 
OL = 0, Eq. (2a) becomes a special case of the equation 
(k(f)f’)’ + &7f’ = 0 0 < 7 < m, (3) 
in which K(S) is defined, real and continuous for s > 0, with k(0) 3 0 and 
K(S) > 0 if s > 0. This equation has been studied in detail by Atkinson and 
Peletier [2,3] and by Shampine [15, 161 ( see also the Appendix), and under more 
restrictive conditions on K by Craven and Peletier [8] and by Lee [12]. 
For more general values of 01, little is known yet about the solutions u1 , us , 
and us . Barenblatt [4, 61 and Marshak [13] discussed solutions ur and us , but 
their studies are mainly expository. It is only recently that a rigorous study of 
these similarity solutions for all values of 01 was begun. In [9] the authors studied 
the equation 
WY f$J7f’ = qf 0 < 7 < a, (4) 
in which p and 4 are arbitrary real constants. Plainly Eq. (4) incorporates Eqs. 
(2a-c). 
In view of the properties of Eq. (l), t i is necessary to define a class of weak 
solutions of Eq. (4). A f unction f is said to be a weak solution of Eq. (4) if (a) f 
is bounded, nonnegative, and continuous on [0, co), (b) ( f”) (7) has a continuous 
derivative with respect to 7 on (0, co), and (c)f satisfies the identity 
for all + E C,l(O, co). 
In [9], we were concerned with the existence and uniqueness of weak solutions 
of (4), with compact support on [0, co), such that 
f(0) = u 
The following results were obtained. 
(U 2 0). (5) 
(i) If U > 0, Eq. (4) h as a weak solution with compact support satisfying 
(5) if and only if p > 0 and 2p + 4 > 0. This solution is unique. 
(ii) If U = 0, Eq. (4) h as a weak solution with compact support satisfying 
(5) if and only ifp > 0 and 2p f Q = 0. In this case there exists a one parameter 
family of such solutions. 
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In the present paper we shall investigate weak solutions of Eq. (4) which 
do not have compact support. We shall begin by showing in Section 2 that any 
weak solution of (4), which does not have compact support, is a bounded, positive 
classical solution of (4). In Section 3 we shall obtain some nonexistence results, 
and in Sections 4, 5, 6, and 7 we obtain existence and uniqueness theorems for 
different values of p and q. 
2. AN EQUIVALENT PROBLEM 
Suppose that j is a weak solution of Eq. (4) which does not have compact 
support. At any point wherej > 0,fis a classical solution of (4) [2]. Moreover, it 
follows from the results of [9] that if f does not have compact support, then j 
must be positive on some interval (a, co), a > 0. Hence any weak solution of (4), 
which does not have compact support must be a bounded, positive classical 
solution of (4) in some interval (a, co), a > 0. 
LEMMA 1. L&j(7) b e a bounded, positive clussicul solution of (4) in an interval 
(a, CO), a 3 0. Then lim,+, j(q) exists and lim,,, qf(T) = 0. 
Proof. (i) Assume q = 0. By a uniqueness argument (see [2]) it follows 
thatj(7) is either identical to a constant or monotonic on (a, CO). Hence, because 
j is bounded above and below, lim,,, j(T) exists. Trivially lim,,, qf(q) = 0. 
(ii) Assume q > 0. In this case it follows from (4) that j cannot have a 
maximum on (a, co). Hence, there exists an Q, > a such thatj(7) is monotonic 
in (7s , co). So, again because j is bounded above and below, lim,,, j(q) exists. 
Set lim,,, j(T) = (J, and suppose that u > 0. Then there exists an r], 3 u 
such that 
If(T) - (5 1 < E = Wqo(q $ 2 p + q I)-” - 
for all 7 > pi . Integration of (4) from Q to 7 yields 
WV (7) - cf”)’ (71) = -P%f(7) + Pwf(?l) + (p + 4) jk) d5 
‘11 
~q411~+Prllf(%)-(q+2lP+ql)?1’- IP+qlwJ 
= i%P +Pwfhl) - IP + 4 I w 
It follows that ( j”)’ - co as 17 + 03, and this clearly contradicts the fact that j 
is bounded on (a, CO). 
(iii) Assume q < 0. Now, by (4)j cannot have a minimum on (a, 00) and so 
again there exists an Q 3 a such that f is monotonic on (7s , a). Hence 
lim,,,f(~) exists. The proof that lim,,, f(q) = 0 is similar to the previous one, 
and we shall omit it. 
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Lemma 1 enables us to obtain an important identity. Let f be a bounded, 
positive solution of (4) on (a, oo), a > 0. We multiply (4) by ( f  “)’ and integrate 
from 71 to rlz , where a < pi < r/z < 03. This yields 
((fm)‘(v2)12 - I(fm)‘h>>” + 2w J“’ 5fm-W ifW”d5 
VI 
= &m/(m + I)>f”+1(r12) - CQm/(m + lNfnL+Y7d~ 
(6) 
and hence 
K(f”)‘(r12N2 - ~(fm)‘h)~2 - - (%m/(m + INfmi1(72) + &mi(m + I))f~+%dl 
=2lP I m ~n’5fm-1(5) {f’(5))“&, 
111 
for a < Q < r/2 < co. We assert hat limn+m 1 p 1 J-n”, @+‘-i([) (f ‘(c)j2 d[ is finite. 
For, suppose it were infinite. Then, since by Lemma 1 lim,,,, qf “+l(v) = 0, this 
would impIy that I( f  “)’ (7)l -+ 00 as 17 + oo, which contradicts the fact that f  is 
bounded and positive. Therefore lim,,J f”) (7) exists. Since this limit can 
only be zero, we obtain from (6), for any 7 > a, 
Hf”)’ (7N2 = 2m~mp5fm-1(5) {f’(O)‘4 + Pmd(m + l))fm+W (7) 
This identity has a number of consequences. 
LEMMA 2. (i) I f  q < 0 and p < 0 there do not exist any weak solutions of 
Eq. (4) which do not have compact support. 
(ii) I f  q = 0 and p < 0, then any weak solution of (4) which does not have 
compact support, must be identical to u positive constant. 
(iii) I f  q > 0 undp > 0 there do not exist any weak solutions of Eq. (4) which 
do not have compact support. 
Proof. Let f  be a weak solution of (4) which does not have compact support. 
Then f  > 0 on an interval (a, co) for some a > 0. Assertions (i) and (ii) now 
follow immediately from (7). If q > 0, p > 0, (7) yields 
and hence 
I(f”)’ (7N2 2 (%ml(m + l))f”+‘(7h 
((f (m-1)/2)’ (7)}2 3 q(m - 1)2/2m(m + 1) (8) 
for all 7 > a. It follows from (8) that f  cannot be bounded on (a, co), and hence 
that (4) has no weak solutions on (a, co), which do not have compact support. 
This proves the third assertion. 
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As we saw above, any weak solution (4) which does not have compact support 
must be positive on an interval (a, co), a > 0. F\Te shall now show thatfmust be 
positive on (0, a). 
LEMMA 3. Let f be a weak solution of (4) which does not have compact support. 
Then f is bounded and positive on (0, co). Moreover, lim,,, (f “)’ (7) exists and is 
finite and if f (0) = 0, lim,,,,( f  “) (7) > 0. 
Proof. Suppose that f  is not positive on (0, 03). Then there exists an a > 0 
such that f  is a bounded positive classical solution on (a, co), such that f  (7) + 0 
as T-+ a+ and, in view of the continuity of (f “)‘, (f”)’ (7) + 0 as 17 + a+. 
Therefore, as f  satisfies (7) for all 7 > a, we obtain 
This implies that p = 0. Hence, by Lemma 2, f  is identical to a positive constant. 
Since f  (a) = 0, we have obtained a contradiction. 
To show that lim,,,( f”) (7) exists, and is finite, we integrate (4) from 
7 E (0, 1) to 1. This gives 
(f”‘)‘(l) - (f”)‘(d +.Pf(l) -PT~(T) = (P + dj.lf(b)di, 
R 
from which the result follows. The fact that if f(0) = 0, then (f”) (0) > 0 
follows from (7) and the observation that by Lemma 2, p must be positive. 
It follows from Lemma 3 that any weak solution of (4) may be regarded as a 
bounded, positive classical solution of the initial value problem 
(f”)” + PC = 4f 0 < 7 < co, 
f(0) = u, WY (0) = P, 
(4) 
(9) 
where U 3 0, and p > 0 if U = 0. Conversely, any bounded, positive classical 
solution of this initial value problem is clearly a weak solution which does not 
have compact support. Thus, we can proceed now by investigating bounded, 
positive classical solutions of problem (4), (9). 
3. NONEXISTENCE 
In addition to Lemma 2, we have the following nonexistence result. 
LEMMA 4. If  p J> 0 and 2p + q < 0, problem (4), (9) has no bounded positive 
solutzons on (0, co). 
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Proof. Assume to the contrary that f is a bounded, positive solution of (4), 
(9) on (0, a). Then we may multiply (4) by 17 and integrate from 0 to 7 E (0, w). 
This yields 
?(f”)’ (7) - f%) + P~~f(‘d = -urn + (3 + q) j-f If(i) 4. 
Thus 
&f”)’ (4 - f”(d < -P?f(d 
or, multiplying through by #i--2m)‘m{ f(7)}-1, 
(m/(m - l)),cl-m)/m(fm-1)' (rl) - ~cl-zm)/mp-l(~) < _pp~ 
(11) 
Integration of (11) from 1 to 71 > 1 yields 
,Ill-m)/mjm-l(~) -f""-'(l) < -p ! ! ! & w ~  - 1). 
Bearing in mind that by Lemma 1, lim,,,f(~) is finite, we observe that this 
statement is contradictory. It follows that problem (4), (9) can have no bounded 
positive solutions on (0, co). 
Combining Lemmas 2 and 4, we have obtained the following result. 
THEOREM 1. The initial vaZue problem (4), (9) has no bounded positive solu- 
tionson(O,-J)ifq<Oand2p+q<Oorifq>Oandp>O. 
Thus, for problem (4), (9) to have a bounded positive solution on (0, co) it is 
necessary that one of the following three conditions is satisfied: 
(a) q < 0 and 2p + q > 0; 
(b) q = 0 and p < 0; 
(c) q > 0 and p < 0. 
In the following sections we shall show that each of these conditions is also 
sufficient for the existence of a bounded positive solution. 
4. PRELIMINARIES 
By the standard theory of ordinary differential equations, problem (4), (9) has 
a unique solutionf(7) in a neighborhood of 7 = 0 if U > 0 [IO]. If U = 0, the 
standard theory does not apply. However, in this case existence and uniqueness 
of a solution near 17 = 0 can be proved without much difficulty by means of a 
technique used in [9]. 
I 
The solution f, defined in a right neighborhood of 7 = 0, may be uniquely 
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continued forwards as a function of 7, as long as it remains bounded and positive. 
To begin with we shall show that as long asfstays positive, it may be continued 
onto the whole interval 10, co). 
LEMMA 5. Any positive solution of problem (4), (9) is bounded on bounded inter- 
vals. 
Proof. Suppose that f (7) + 00 as 7 + a, where 0 < a < 00. Then there 
exists an rfO E 10, a) such that for any 7) > r10 , f(t) <f(q) for all 5 .< 7. Using 
(10) we obtain for 7 > Q, 
df “1’ (4 -f%) G -P?f(7) + m&O, P + 441 ?f(~) 
= ma+I4 441 q2f (7). 
This means that 
(m/(m _ 1)) ~ll-~U)/?~( fm-1)’ (?) - ~(1-2m)lmfm-l(~) < mm{-p, 44) .+inl 
for all 7 E (Q , u). Integration from q, to 7 E (q, , u) now yields 
? 
(l-m,/mfm-l(~)_rl~-"'!"f"-l(~o) ,< ~max{--p,gq~(p+lhn _ 9p+lh) 
for all 7 E (q, , a). Hence 
y-l(?) < 
c ) 
? (m-l)‘nL f “-yqo) + s max{-p, :q} ($ _ Il(.m-l)‘y~+l)‘m)* 
70 
The assertion of the lemma now follows immediately. 
Remark. It is immediate from the proof of Lemma 5 that if p > 0 and q < 0, 
any positive solution of problem (4), (9) is bounded on [0, co). 
The following “maximum principle” will prove very useful. 
LEMMA 6. Let either p + q 3 0 or 2p + q >, 0. Suppose fi and fi are positive 
solutions of problem (4), (9) with initial data (U, /3J and (U, &), respectively, in an 
interval (0, a), 0 < a < to. Then, if PI > fi2 , fi > fi on (0, a]. 
Proof. (i) p + q > 0. Suppose to the contrary that fi(+j) < fi($ for some 
;i E (0, al. Because & > P2 , fi > f2 in a neighborhood of 7 = 0. Hence, there 
exists an r], E (0, +j] such that fi > fi on (0, T,,) and fi(q,) = fe(~,,). If we now 
integrate (4) from 0 to Q, for both fi and fi we obtain, after subtraction 
(f;“)’ (170) - (fi”)’ (710) = PI - B2 + (P + 4) I’ {fi(5) -f&J) 4. 
Since the left-hand side of this equation is negative, and the right-hand side is 
positive, we have obtained a contradiction. 
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(ii) 2p + 4 > 0. We proceed as in (i). However, before integrating (4) 
for fr and fi , we multiply by 7. This yields 
rld(f;mY h,) - (f2m)’ (~c8 = (2~ + q) L” 5{f&) - f&X 4, 
from which the result follows as before. 
Note that for p > 0, the condition 2p + q > 0 is the weaker one, but that 
for p < 0, the condition p + q > 0 is the weaker one. 
5. CASE (a): q < 0 AND 2p + q > 0 
If q < 0, then by the Remark following Lemma 5 any positive solution of 
problem (4), (9) must be bounded on (0, co). If q = 0 this is still true, but the 
proof is not straightforward. We make it the content of the following lemma. The 
proof is based on a technique of Shampine [15]. 
LEMMA 7. If q = 0 and p > 0, any positive solution of problem (4), (9) is 
bounded on (0, co). 
Proof. We observe that any positive solution of problem (4), (9) is either 
identical to a constant or monotonic. Thus if U > 0 and /I < 0, any solution of 
problem (4), (9) must be bounded. To prove the lemma, we therefore only have 
to consider solutions of problem (4), (9) if U > 0 and p > 0. 
Assume U > 0 and p > 0 are fixed, and let f  (7) be the solution of problem 
(4), (9). We observe first that 
for all 7 > 0. Hence Eq. (4) may be written in the form 
[(f’? (7) ev? [(P/m) [ 5f Y5) 4/]’ = 0 0 < 17 < 00. 
It follows by an elementary computation that, 
f “(d - f%d = B [ exp 1 -(P/m) IO’ 4f ‘-V3 dt/ &, (12) 
for all q2 > r), 3 0. Hence, because f is monotonic 
f 972) - f %d < PYf (m-1)12(7l2) (erf[e772f(1-“)‘2(~L)1 - erf[h f (1-“)/2(72>]}, 
where 
0 = (p/2m)l12, 
530 GILDING AND PELETIER 
for all ?a > qr 3 0. Setting Q = 0 we deduce that, for all 7 > 0, 
f’“(q) < ?-J”~ + ppf’“-“/2(77) <f(“I-W(q) (u(~+w + p-1>, 
and hence that, for all r] > 0, 
fh+1,/2(71) < U(?Jli-l)/2 + p-1. 
(13) 
Thus f  remains bounded on (0, co). 
By the Remark after Lemma 5 and Lemma 7, any positive solution of problem 
(41, (9) on (0, co 1s ) b ounded. Thus, it remains to determine when solutions of 
(4), (9) are positive on (0, a3). We shall treat the cases U = 0 and U > 0 separa- 
tely. 
LEMMA 8. Let f  be the solution of problem (4), (9) with U = 0. Then f > 0 
everywhere on (0, m). 
Proof. Suppose to the contrary, that there exists a point a* E (0, CO) such 
that f + 0 as 7 --t a*-. Equation (10) holds for all 7 E (0, a*). Hence 
0 > &-*Mf”)’ (?)I = (2p + 4) 1”’ l;f(z;> 4 > 0, 
0 
which is contradictory. 
We now assume that U > 0. Then by the results obtained in [9], Eq. (4) has a 
unique weak solution with compact support, which is equal to U at 9 = 0. 
Denote this solution by g(q), and let a = sup{?: g(T) > O}. 
LEMMA 9. Let f be the solution of problem (4), (9) in which u > 0. 
(i) If /I < (g”)’ (0) then there exists a point a* < a such that f (7) -+ 0 US 
q -+ a*-. 
(ii) If /3 > (g”) (0), then f > 0 everywhere on (0,~ ). 
Py~of. (i) This follows immediately from Lemma 6. 
(ii) To prove this part we develop an idea of Craven and Peletier [8]. 
Suppose that there exists a point a* E (0, CO) such that f (7) + 0 as r] + a*---. 
Then, by Lemma 6, a* > a and f > g on (0, a). Thus using (10) again we see 
that for all 7 E (a, a*) 
77( fm)‘(d - f%) + P772fh) 
= - ut + (2~ + q) j- 5f(5) 4 
0 
> - u”’ + (2~ + q) j-a 5g(O 4 + (2~ + 4) j-” U(5) d5 (14) 
0 a 
= (2~ + n) J” 5f (5) &. a 
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Thus, 
(m/(m - 1)) (f-l)’ (7) - frn-Y7) + P712 > 0, (15) 
for all 7 E (a, a*). However, f cannot have a minimum on (a, a*), so for r) 
sufficiently close to a*, 
(m/(m - 1)) ( f?’ (7) - frn-lb?> + @I2 -=c Pa*2. 
From (15) and (16) we conclude that 
(16) 
7(frn)’ (7) - f%) + P7W7) + 0 
and hence, by (14) 
as 7 -+ a* 
0 = (3 + 4) 1”’ 5.m a a 
This contradicts the fact that f > 0 on (a, u*). 
We are now in a position to state our first existence theorem. 
THEOREM 2. Let q < 0 and 2p + q > 0. 
(i) I f  U > 0, there exists a /I* = /3*(U) such that problem (4), (9) has a 
bounded positive solution on (0, a) if and only if j3 > /3*. 
(ii) I f  U = 0, problem (4), (9) h us a bounded, positive solution for any 
/k? > 0. 
If q < 0, it follows from Lemma 1 that any bounded, positive solution of 
problem (4) (9) must tend to zero as 17 + co. If q = 0, Lemma 1 yields no 
information. However, in this case any solution of (4) must be monotonic and 
therefore, if it is bounded and positive on (0, co), it must tend to a nonnegative 
limit. In fact this limit cannot be zero. This is a consequence of a more general 
result proved in the Appendix. 
It was shown by Lee [12] and Shampine [15] that if q = 0, given any U > 0 
and any (T E (0, U), there exists a p < 0 such that the solution of problem (4), 
(9) with initial data (U, /3) tends to 0 as 7 + co. This result may be generalized 
to all values of U > 0 and 0 > 0. 
PROPOSITION 1. Let q = 0 and p > 0. Then, given any U > 0 und a > 0 
there exists a unique j3 such that the solution of problem (4), (9) with initial data 
(U, p) tends to a as 7 + 00. 
Proof. If U > 0 and a = U, the result is obvious, and if U > 0 and 
0 < u < U, it was proved by Lee and Shampine. It therefore suffices to consider 
u > U > 0. We shall treat the cases U = 0 and U > 0 separately. 
(i) U = 0. Let fi(q) be th e solution of (4), (9) with initial data (0, 1). 
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Then it is easily seen that for any p > 0, the function @@‘-llfi(~r]) is the solu- 
tion of (4), (9) with initial data (0, /.--(m+l)l(m--lJ). Hence, if we denote the limit 
of the solution of (4), (9) with initial data (0, 8) by V(p), we have 
V(P) = p’(m+l)V( l), 
from which the result follows. 
(ii) U > 0. First we recall that solutions of problem (4), (9) are either 
strictly monotonic or identical to a constant. Hence if we look for solutions f, 
which tend to a limit as T-+ CC which is greater than f(O), then f must be 
strictly increasing and /3 > 0. In Lemma 7 we proved that any positive solution 
of problem (4), (9) must be bounded. Hence, if /3 > 0, f tends to a positive 
limit I’(/?). T o p rove our assertion it will be sufficient to show that V(p) has the 
following properties. 
(i) V(p) is strictly increasing for /3 > 0; 
(ii) V(p) --f U as /3 + 0; 
(iii) V(/I+cc asp-+oo; 
(iv) V(p) is continuous for /I > 0. 
We prove these conjectures in succession. 
(i) Assume ,C3i > p2 > 0 and denote by fi and f2 the solutions of 
problem (4), (9) with respective data (U, pi) and (U, p2). Then, by (12) 
However, by Lemma 6, fi > f2 everywhere on (0, CO). Hence 
~YPl) > Urn + A jom exp /-(P/N jot Uk’V) d5/ 4. 
This means that 
Thus V(p) is strictly increasing. 
(ii) Follows from (13). 
(iii) Follows from (17). 
(iv) Assume & > 0 is fixed, and let E > 0 be arbitrary. We shall show 
there exists 6, E (0, 1) such that for I/3 - & / < 6, 
POROUS MEDIA EQUATION 533 
To avoid any confusion, denote the solution of the initial value problem (4), 
(9) by f(s PI- Then by (12) 
0 < P(/3) - fm(7; /3) < /3&1Vcm-1)12(/3) erf c{0~V(1-m~~2(/3)}, 
for all /3 > 0, 7 > 0. So if we set f$ = 0V(1-m)/2(& + l), 
0 < vm(P) - f”(7; B) d W’ erfc MT 
for all /3 E (0, /?s + l), 7] > 0. 
Now, choose 7s so large that 
&09 erfck%J -=c c/4, 
and then 8, E (0, 1) such that 
NJ erfckh) -c 4, 
for all /3 such that / fi - /3,, j < 6, . H owever, positive solutions of problem (4), 
(9) in a finite interval depend continuously on the initial data by the standard 
theory. So there exists 6, E (0,&J such that 
I fbh; 8) - f(% B,)l < e/4, 
for all /3 such that 1 /3 - & 1 < 6, . Combining, we see that if 1 fl - j3s / < 6, 
< WP) - fm(70; rS) + i P(70; 8) - PC70 , &)I + ~“U%-J - .P(%I; PO) < E. 
6. CASE (b): p = 0 AND p < 0 
This case was already dealt with in Lemma 2. 
THEOREM 3. Let q = 0 andp < 0. 
(i) I f  U > 0, problem (4), (9) has a boundedpositive solution on (0, 00) if and 
only if/3 = 0. 
(ii) If U = 0, problem (4), (9) has no bounded positive solutions on (0, Q)). 
7. CASE (C): 4 > 0 AND p < 0 
For this set of values of p and q we shall establish the existence of a solution 
by a shooting technique. Let f (q) be the solution of the initial value problem 
(4), (9). Then, by Lemmas 1 and 5, one of the following possibilities must 
occur. 
40915713-4 
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(A) f(++a asrl+a; 
(B) f(y) --f 0 as 7 --, a- for some a E (0, co); 
(C) f(v) > 0 on (0, co) andf(q) - 0 as 7 ---f co. 
As a preliminary observation we note that because q > 0, f  cannot have a 
maximum. Therefore, if U = 0, f(7) --j co for all j3 > 0. Thus we need only 
consider positive values of U. We assume 0’ to be fixed throughout. 
We shall denote by S+ the set of values of p for which possibility A occurs, and 
by S- the set of values of p for which possibility B occurs. 
LEMMA 10. [0, co) C Sf and (-co, --CL] C S-, where 
p = {2qmj(m + 1)}1’2 U(m’-l)‘2. 
Proof. Let /3 3 0. Then, as f’ 2 0, 
(f”)” = qf-Pprlf’ B qu > 0, 
and hence f(n) --f oz as 77 + co. 
Let fi < -CL. Then there exists an +j > 0 such that f  > 0 and (f “)’ < 0 on 
(0, +j]. Assume that f  > 0 on [0, co). Then we may multiply (4) by (f “)’ and 
integrate from 0 to 7 >, +j. This yields 
{(f “)’ WI2 
= -2pm In [f  .,-I(,) {f ‘(Q>’ d< + $ f  .L+l(,) _ -!!!?I- U”+l + p” 
0 m+l 
> -2pm 
s 
’ {f +l(5) {f ‘(5)}2 d{ = 62, 
0 
where S > 0, for all 7 > 7. Hence (f’“)’ (7) < -8 for all 7 > j, which implies 
that f  (7) = 0 for some finite value of 7, and hence contradicts the assumption 
that .f  > 0 on [0, co). It follows that /3 E S. 
LEMMA 11. The sets S+ and S- are open. 
Proof. Let Sr17 denote the values of p for which problem (4), (9) has a solu- 
tion f  (7) > 1 /n for all 7 > 0. Then S, + is open by the standard theory and hence 
S+ = (JTzl S,,+ is open. 
We now show that S is open. Suppose that /?I E S-, and let f  be the solution 
of problem (4), (9). Then a = sup{~: f(T) > O> < 00. Set 
F(7) = mfV77)f ‘(77) O<T<a. (18) 
Then (4) can be written as 
F’ = -(p/m) f  l-mF + qf O<q<a. (19) 
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Sincef’ < 0 on (0, a), we may define 7 = u(f) and write (18) and (19) as 
dWf 1 --PJ -+ gf(D(f)/F) 0 <f < il. W-9 
Here D(s) is a C( .- co, 03) function such that D(s) =: WZP* l for s > 0. The 
boundary condition implies that 
u(U) =T 0 and F(U) L-- j?. (21) 
Thus we have shown that if /3 E S- then problem (20), (21) has a solution on 
(0, U). Note that F < 0 on (0, U), F(U) = fi < 0, and finally, because f cannot 
be a weak solution [9], F(0) = (f”)’ (a) < 0. Therefore F is negative, and 
bounded away from zero, on [0, U]. B ecause also u(f) is defined on [0, U], it 
follows that problem (20), (21) actually has a unique solution in an extended 
interval (- E, U], for some E > 0 [lo]. 
By the standard theory we may now conclude that for p sufficiently close to /3, 
Eqs. (20) have a unique solution (6, F) on the interval [0, U] such that 
c?(U) -: 0 and P( 77) = p. 
By retracing our steps, we find that this implies that B E S-. Thus, S- is open. 
By Lemmas 10 and 11, SL and S- are nonempty and open. Since they are 
clearly disjoint, there must exist values of /I which belong to neither S+ nor S -. 
For such values of /3 possibility C is the only one left. Thus we have proved the 
following result. 
THEOREM 4. Let q > 0 and p < 0. 
(i) If U > 0, there exists a 8, -CL < /3 < 0, such that problem (4), (9) has a 
bounded positive solution on (0, 00). 
(ii) If U = 0, problem (4), (9) h as no bounded positive solutions on (0, “o). 
The method we have used to prove the existence of a solution provides no 
means of deciding whether or not this solution is unique. However, for those 
values of p and q for which we have a maximum principle, i.e., if p A q >, 0, it 
will be possible to prove uniqueness as well. 
Thus, let p < 0 and p + q > 0, and suppose that there exist two solutions, 
fi and fi , of problem (4), (9), w IC are positive and bounded on (0, co), with h’ h 
corresponding data (U, &) and (U, 8s). Suppose & > /& . Then by Lemma 6, 
fi > fi on (0, CD). Integration of (4) from 0 to 7 > 0 yields for fi and fi 
(fi"")' (rl) = Pi - Pvfib) + (P + q) j)(I)dL i = 1,2. 
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However it follows from Lemma 1 and (7) applied to fi and f2 that 
lim,+m(fp)’ (7) = 0, i = 1,2. Hence 
where 
The first term of (21) ’ p ‘t’ 1s osl lve and, because F(T) > 0 on (0, co), the second 
term is nonnegative. Therefore, we have obtained a contradiction. 
PROPOSITION 2. Let p > 0 and p + q 3 0. Then there exists at most one 
value of /3 for which problem (4), (9) h as a bounded positiwe solution on (0, co). 
APPENDIX 
Let K(s) be a real valued function, defined and continuous on [0, co) such that 
K(O) 3 0 and K(s) > 0 if s > 0. We consider the problem 
(4f)f’Y + &If = 0 o<?)<oo, (Al) 
f(0) = u, f(a) = 0, W) 
where U > 0. A function f is said to be a weak solution of equation (Al) if 
(a) f is bounded, nonnegative, and continuous on [0, 00); 
(b) F( f 1 = 6 44 d s h as a continuous derivative F’ with respect to 17 on 
(0, 03); 
(c) f satisfies the identity 
for all #J E Col(O, 03). 
Problem (Al), (A2) has been studied by a number of authors [2, 3, 12, 15, 161. 
It is now well established that there exists a weak solution of this problem, which 
either has compact support, or is a positive classical solution of (Al) for all 
q > 0. Specifically, it was shown in [2, 31 that if 
I ’ (h(s)/s) ds = ~13, 0 
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then there exists a unique positive solution, and there can be no weak solutions 
with compact support. On the other hand, it was shown in [2] that if 
s u (k(s)\s) ds <00, 0 @3) 
then problem (Al), (A2) has a unique weak solution which has compact support. 
The question, as to the existence of a positive solution of problem (Al), (A2) 
was not raised. In this Appendix we shall show that if K(S) satisfies condition 
(A3), then problem (Al), (A2) cannot have a positive solution on (0, a). 
Assume to the contraty that J is a positive classical solution of (Al) on (0, 00) 
satisfying (A2). Then f’ < 0 on (0, co) and lims+m K(f)f’ = 0 (cf. [3]). Thus, 
we can integrate (Al) from 7 to cr3 to deduce that 
for all q > 0. Therefore 
for all q > 0. Integrating (A4) from 0 to 7 yields 
I ” PM (k(s)/s) ds > a+, 
for all r) > 0, and hence 
s ’ (k(s)ls) ds > W, 0 
for all r] > 0, a contradiction. 
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